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EVALUATION OF THE INTENSITY OF A WAVE DIFFRACTED FROM A DILLECTRIC SPHERE

L. A, Zhekulin

Nonhomogeneities in the atmosphers in the form of cloud formations (globules)
affect the propagation of ultrashort waves; In connection with this, we camsider
the phenomenom of diffraction in the simplest case from a sphere with a dielec~
tric constant €M =/ +5e , which differs little (§e & /)‘ from the dielectric
constant of the surrounding medium/ ( for whick €@ = /).

Let a plane electromagnetic wave, propagating on the negative side of the
z-axis with vibrations of the electric field along the x-axis (unit amplitude of
vibrations is assumed), be incident upon a dielectric sphere of radius It w*.thﬁhl
center 0 at the origin of the coordinate system.

In the sphergéal system (r, 55, ), ;:icug coordinates (with origin at 0), the com-

ponents of the cJeotr:Lo field of the diffracted wave are(l 2)

£y = T, o3 ¢ef"”c {f A% xz(‘ﬁw’”j“” (crn8) +

2 =)
. 4— Z ”};(Ja““’r} Z {fmée-)- (1)

Here k -;La s «--—- is thc wave number of the external fedium (with respect to

the sphere). Ins :Lde 'bhe sphere

/a L) L, /555} = /+ F§c.

L[x/:[—z‘ ()

We limit ourselves to cons1deraL:Lon of the field on the z-axis only, for which

© = 0, ‘if’ (amé}/::&ﬁfgﬂ £ = 0;

The cylindrical i‘un ctions

o 0 - x/%%é

are Debye normed..,

/ ’
E d dﬁ;ers from I e only in that cosd) is replaced by s:Ln(P in expression (1.
In this work, we are 1ntereu1,ed in the electromagnetlc field only at a consider-

ablejdistmvce from the Riwid sphere (r>>R). It is known that for
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Formula (1) tekes on the form

- L A clem S F) S g (ett) g gl
fo = A48 cos fe? ,g, Z 7 @L”Az ) (2)

and moreover
b e et g (AR R o 0 ¢ SR

Al =4 ler) g (4 “R) w! C/é(e'//g/_k(z'/% C/E""@) Q/(é&féj)

The coeffieient /{iu is obtained from this expression if the constant nc"l)
in the numerator and denominator of the righ,?hand dide are shifted from the sub=~
trahend to the minueﬁd. |

A further simplification is obtained if we assumed that for 88{ /:Cl‘.“—}-ﬁ&y’e » /
and by using the identity g&f[x);/ (x)- L&) w'(x) = j" .

Disregarding infinitesmals, beginning with those of the second order (with. ;

respect to §¢), we find after all calculations that the difference

7 (2) L 28t I ]
/4/2 "A«L g ﬂm‘) %(N)%(Xﬁ)éej )

SR L
where X has been set equ A iy, for brevity.

Tt is well known that the series (1) and (2) converge very slowly if the wave=
length of the incident wave Z_a is considerably less than the radius of the &(phere Re
This is what XX obtains in the problem of diffraction of uWltrashort waves discussed
here. ) _

By assumption kR}\)l and therefore for ‘cylindrical functions in the equality
(L), we can use Debye's asymptotic formulas. Theb summing with respect to the .

- ‘.index A in expre‘ssi‘on (2) is divided into three parts

From 4 %5 L, from L+ Ry e from Ly # T e,

=2
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because of the different form of the Debye formulas for the three regions:

/e‘f' <X0/ Krémxal“z’¢{’>xﬁt

Comparing the absolute value of the ratio of two consecutive members

asymptotic series in the first region

.r]" L 2

A = '
2 T ("} Ko Sin T X o
withwa similar ratio for the second region
Kl
. " / 7
. ri% s xg - L~ E

S St

V= 63 (,zﬂ) Xojf

ely at the boundary of these regions

and setting approximat

5":-::7- 7?’ 3

we find .- /’/m j,)B/a [I" % J é/:A

By repeating the same procedure for the 'third‘ (LTt ﬁ‘ > X,) and second

regions, we find the desired indices ,Z, and Aﬂz_ s

s of the

r L
2 <ol Jo Cos Tq = L7z

which determine the boundaries

of the three regions: :
£ - & ~f’-§~ L

L. =&
T 0 L X, - +» 2N,

(
/(; X"“ ‘PZ«'J.Yt"ng) o‘z_
In accordance with the above, the component EG-
e will calculate the firs
cos (xgfo =
- Vsin N

three sums: 84 (1 =1, 2, 3)e
Debye ‘formalas ( ﬂ o+ "{ < Xa )t % CKQ) w
%’&/ (%) = CC”' K”/‘“’ ""‘21:“) Vorim 7o o

_where COS Ty % “?”::‘ anad £ = Sin gy = T COF 7

Then, taking formula (B) into considera’c,lon

(6)

(jﬁee equation 2) consists of

t sum, using the following

f?nq’

we have as a first approximation

J (= ) ZC /)'Lcas % (e 2 %ot & e fﬁj)

. R e
SiFTYF 3&@505(’. L g=r
-3-
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Let us evaluabe the magnitude of the sum in the side of this equation.

Since by assumption X is much greater than /, J7 changes by a smalllvalue (1)

for a unit increase of A, Therefor s DY groupiug the components of this sum 4

F. ' X, ol
in palrs, we have (for an even .2. z l) Cﬁ»f Jo Ck/Ce o %ofe («L) }X‘,ﬂ&‘/n__
Let, 25

23 (A) 2 3 2L (R b
"“‘Z[ ¢ | Je*# et ‘tos 3 (,U * Z[ﬁ’. 7% (4! /J Wq’f” Cos T (7).
L4380 Wt 28 ‘41‘;

Here, we have taken into consideration 'tk‘xa'b
o ' ” / ‘.’
,ﬁ;(ﬁ,,-/’)-.f;(l):%;m.”f‘gé.”]; and Sem. T AT = -.--32;'

If ﬂ, is odd, the summing in the lefi-hand side qf the equality should be
made up to ,,ﬁ ™ l, -1 and then the component corresponding to the index ,2 ] l
should be added. In the two .sums of the right~hand side of the latter=equality, j
the index ,Q, Wskips" to the values 1, 3, 5, eess o We can again return to the

v values 1, 2, 3, s+s, if we use the easily-proved relatlonshlp

“S 2 Frme] S By (2= S Fln@]e

L7l &80

245 % fol2) ||
/

JANRIAS

where F[ C,,,Q) 7 is a slowly varying function of ,e , and ; assumes the values 4

#/ and -/, ‘ :

In the case under consideration, F/Tg[£]7 = =3 ; sin/ 75 (£)/. We shall

use the methods of the calculus of finite differences (3) in order to calculate

the sum in the right-hand side of the last relationship,

W trod the functi
e introduce the func :.iz f'; o (8 ‘2#5&"% Ce)
dle)==xe ‘
B T which has the- property™ tha’c‘A@Cd @(ﬁ'f‘d 5(!’} represents approx:Lmately the fane= ~ .
tion to be summed. . Actually, calculations show that for a slowly varying function ..Ig (J?./

A\QS@,N _,aﬁf"'w[e»w&ﬁmw e%Mfocﬂjw .%e;w“mﬁ@;! [m}]

B T
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and czxsequently
L ‘]&ﬁg‘ﬁ"&wﬁ) (&) = @Cﬂ‘f‘l) “@(:ﬁ}.

£at
This approach is used Lo calcul .?te the sum
" ) y
S, = -»,f’— R §egcosp et A r) zCOSEZKofa (e+1)+% (eri)]* €% nlx?}).
‘ )

-
e sum 8, , @8 this formula shows, is essentially determined
when A f“;/_”-”-)g/ we retain

The order of ’oh

by the quantity ¥ S §& . For the transitional case,

mbers in the Debye formulas:
/)

the ‘firs‘\, three me
_ .»» /(2L +1) x(j

[a:xu %3/95%
é sin 5 ]m,(;__} LB o< 5 sin f%gl r ( %§'/J

prd
fg 3 ,_.)
cFam (3
drical functions

The y(ell-lfnown formula for cylin

AN

frove

Y

i

. L . L Z
Z/G, et -Z- Z/7 - /. z L/? +~ 7
yields ) : 3 - ,2,
/ - ,,_.,.. X
X Y Cxo o o “
2 o) = Jati ) 3{"",?,”
Substituting these functions in formula (LL} we flnd the corresinondmg
L ~_____,___...-—-———-—-—-—‘ CO Ny ¢ §E

expression for the sum 52~ 52» = = ,/i Zypemun
£ 5

& )2 & £ 2

[x <4< RS 0t 157
L2egtt /a:x..w

'hhe order of the expressmn in the brackets will

_——-M
2 tE P Xe
= k(a)R and ‘the order of

1y upon the quantity X,

£he entire sum

depend ess ential

S, will be determined bY the product‘-%wf) €.
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Finally, in the third region for ,Z T > Xo , the asymptotic

formulas for cylindrical functions yield

&, (xo) = '"ef‘;.::-«-ji and ¢~2 (Xo} - ed’fofa /15’/1«,'3’3
* e

+ £
If we set T, & -% 9 , then cosh = £ &

and ,jf = = cosh®,

( & — l3rh O,), For alarge X (x >> 1), the functions % (Xx) and

V/,,:/_‘/ (xo) will decrease rapidly with an increase of é, -

The sum 53 assumes the form

(e . f
(=t r)Z(—// coJ[a'c:J]a'a"K°J”<y, 20)

- Bye 7
S5 ® B cor @& L8,k

Grouping the components in pairs, we represent (as before) the latter sum (for

]
even ,Z,L:) in the form

s . 24 %, Fq (2]
Z’ [e.-«l?,% (%«)__L] Cos [:F(; (,Q,d e ¢ °f°
Lz Ly, Cntd
If /Zz_ is odd, the expression written will have a negative sign. As was

shown previously, the problem reduces to the calculation of the sum

S F [?Cﬁﬂe’”‘“ﬁ“ : Pl - @),

L= ?z.H.,E.Lm,
where [ (,Q}] .rm. [ [j_}]
@ C,ﬂ_,) = J. «%},Kufq (XJ ?‘\40(’,@) }' @ CN)-—-«; o
Agﬁ (2) = F[?;CPJJ o %4 %o fo (2]

Finally, the formula for S will have the fomrm

.+ R
St G S & cos ¢e?

where ﬁo is taken for the index JZ = )Zz,‘ (.
‘ i . R e
Here, as in the expressions for Sl and 82, we see the factor-g E) € , which
determines the order of theée sumse

- b -
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Formlas (5), (6), (8), (9), and (11) make it possible to calculate the sums

Sl’ So» and 5 3 and to determine the field intensity of the diffracted wave
w. Eez 5, + 5-2_ + 53- (12)

Later, the author plans to return to the solution of this problem by another
method and to evaluate the error of the results obtained.

In cor}élusion, we note that the order of amplitude (%-SE_ ) found for the
electric field intensity may be obtained from elementary considerations. According
to Fresnel's formula, the re’flectance for normal incidence of the wave upon the

surface of separation of two media is

= z:,____(r)_/ = _./_’L-:.._/—- 2-4:-‘ é_n_.:
€= T ¢ "t Y

r)! '
Here I(e) and I( ) respectively are the intensities of the incident and ref=-

.

1ected waves and dn = -i/_- S €  is the difference in the refractive indexes
of the two media.

Let us consider now the scatteﬁng of a small electromagnstic beam by a
spherical surface. Lf the cross-sectional area of the incident parallel beam is
nAxQ, after reflection its cross-sectiondl area at a distance r from the center
of the sphere will 'S_ncreasé to a value % nAx'2 and, correspondingly , the intensity
of the reﬂected beam will be decreased: I(r)'d(r) = Ax12=Ax2, where I(r) is
the intensity of the wave reflected by ‘the sphere. It follows from simple geo-
metry that é_f_i;: % - (neglecting infinitesimals, beginning with those of |

[4%.3 .
the second order). The ratio of the amplitudes of the reflepted' wave E(r) to the

+incident E(e) assumes the form

Sn / SE o/

n

(13)

~|

S o St i L WRAE ‘ o
-Sa : : ‘ : :
nitized Copy Approved for Release 2012/05/04 : CIA- RDPBQ 00059 : ;
: - - R000200110012-5




Declassified in Part - Sanitized Copy Approved for Release 2012/05/04 : CIA-RDP82-0039R00020011012-5

KcoTRIGTED

For r 2535 R, the order of the ratio of the amplitudes~%— € agrees with
the result obtained previouslys. '

More general results may also be obtained from simple considerations. Let
us consider a dielectric bounded by an arbitrary convex gurface having principal
radii of curvature Fl and R2 which are large in comparison with the wavelength
of the incident wave.

Tor Hormal incidence of a circular electromagnetic beam upon the surface of

4

the dielectric, we have as before

AR . 20 _ = 2L 4y
Ax R / R

where R is the radius of curvature of the normal cross-section of the surfaée and
d = r - R is the distance (along the normal) from the surface to the point of

observation. Using the Buler theorem

Axt 4 (COJ"‘@ + {/rkz‘@)+ /
Ax =, . T, R+ /

we calewlate (integrating with respect to &-) the cross-sectional area of the

beam reflected by the surface.

Omitting the simple calcul ations, we find

- (r)( ) .
p= £ _ = gLY ('/é‘;_ + 76’%‘ Ly a(/ +J~)u<m)

Va ol 2 Ve 7 12y
and the ratio of the amplitudes desired assumes the form
£ Se | s
£ (e/ N 4 W :
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